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Hertzian Dipole Antenna

Consider an infinitesimal dipole
antenna of length dℓ carrying current
a sinusoidal current I

J = Idℓ δ (x) ẑe jωt
Ie jωt

θ

Far Field Solution (η0 ≡
√

µ0

ǫ0
= 377 Ω)

Eff =
jk0η0Idℓ

4πr
sin θe jωt−jk0r θ̂

Bff =
jk0µ0Idℓ

4πr
sin θe jωt−jk0r φ̂

Far Field Radiated Power

S =
1

2µ0

ℜ{E× B∗} =
1

2η0
|E |2 =

η0
2

(

k0Idℓ

4πr

)2

sin2 θ

R. H. Varney (SRI) ISR Theory July, 2020 2 / 8



Thomson Scatter from One Electron

Incident wave:

E = ẑE0e
jωt−jk0·r

Motion of the electron:

jωmev = −eE → v =
je

ωme

E0ẑ

e−v
E

Effective Hertzian Dipole with Idℓ → ev (also note ω/k0 = c)

Escat =
−η0e

2

4πrmec
E0 sin θe

jωt−jk0·rθ̂ = −
re

r
E0e

jωt−jk0r θ̂

Where the classical electron radius is

re =
η0e

2

4πmec
=

e2

4πǫ0mec2
≈ 2.818 × 10−15

m
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Thomson Scatter Cross Section

Total Cross Section:

σt ≡
Ptot

1
2η0

|E0|
2
=

8π

3
r2e Where Ptot ≡

∫ 2π

0

∫ π

0

Sscat r
2 sin θ dθdφ

Radar Cross Section:

σ = σtDs

Directivity of scattering in the direction towards the radar:

Ds ≡
Sscat(at the radar)

Ptot

4πr2

For a Hertzian dipole, S ∝ sin2 θ
r2

, Ds (θ, φ) =
3
2
sin2 θ.

For backscatter θ = 90◦, so the radar cross section of one electron is

σ = 4πr2e ≈ 10−28
m

2 (∼ 0.9979 × 10−28
m

2)
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Why Can We Ignore the Ions?

σe ∝
1

m2
e

The scattering cross section of an ion is

σi =
m2

e

m2
i

σe

For an O+ plasma

m2
e

m2
i

= 1.16 × 10−9
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Rough Dectectability Calculations

Radar Equation:

Pr = Pt
G

4πr2
σ
Aeff

4πr2

For a distribution of electrons:

σ = σeNeV ≈ σeNer
2 cτ

2

4π

G

Pr ≈ PtσeNe
cτ

2

Aeff

4πr2

Approximate beam solid
angle:

dΩ ≈
4π

G

For Pt = 1 MW, Ne = 1011 m−3, τ = 500 µs, r = 300 km,
Aeff ≈ 0.6Ageo , Ageo = π

4
d2, and a dish diameter of d = 300 m, this gives:

Pr = 2.81 × 10−14
W

For a smaller radar with d = 30 m, Pr = 2.81 × 10−16 W
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Radio Noise

Nyquist Noise Theorem: PN = kBTsysB

A good UHF receiver will have a Tsys ≈ 125 K.
B is the receiver bandwidth.

Doppler shift from electron thermal motion:

∆f =
2

c
fTxv ≈

2

c
fTx

√

kBTe

me

Let’s assume we need to capture B = 4∆f to get the full spectrum.
For fTx = 450 MHz and Te = 1000 K:

B = 1.48 MHz ⇒ PN = 2.55 × 10−15
W

What if instead the bandwidth is related to the ion motion?

vi =

√

me

mi

ve ⇒ vi = 5.83 × 10−3ve for O+

The same numbers would yield

B = 8.63kHz ⇒ PN = 1.48 × 10−17
W
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Thomson Scatter Summary

Thomson scatter from electrons is a fundamental physical process

Radar cross section of one electron is a constant independent of
wavelength (∼10−28 m2)

Scatter from ions is negligible

Even though one electron has a tiny cross section, scatter can still be
detectable from a whole volume of electrons
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