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Topics to Cover

* Data Modeling

* Forward Models
* |[nverse Problems
* Least-Squares Technique

* Errors and Goodness of Fit:
* Confidence Intervals and Reduced Chi-Squared

e Calibration:

* Calibrating measurements to remove hardware bias and system
unknowns.



Data analysis and fitting

* Questions:
* What does “fitted data” mean?
* What are the key concepts and techniques we use to “fit” data?
* How do we go from radar signals to Ne, Te, Ti, Vlos?
* How do | work with and interpret IS Radar data products?



Components of a Pulsed Doppler Radar
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Important Concepts

@ Measurements: directly recorded by an instrument, e.g.:
@ Mercury increasing in volume within a thermometer
@ voltags sarmples from an analog to digital converter
@ Observations: estimated from measurements using physics:
¥ thermal expansion
w |5 Hadar theory
@ A forward model, f, contains the physics to predict measurements,
v, given observations, p:
a ¥ = fp)
@ p=pPs A BN ¥ = ¥1:¥e: - Wi
@ The inverse problem: With f and v, how do we obtain p?
a [t is rarely as simple as: F{y) =p
a Measurernents are nosy: ¥y = Flp) + ¢
@ This usually requires making assurmptions!

Hl_llll-h‘ arwl F'l'|'rll_ _|ﬂr Il 1713




IS Radar Forward Model: Theory

|S Radar theory predicts the statistical properties of the Power Spectrum
of the scattered signal:

{|mal k--'...-]llz} s (Eg(t)ES ([t — 7))

as a function of plasma parameters: Nz, Ts, T, vios.

Forward Model? (N, T, T; vigs) = (E(t)ES(t — 7))
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IS Radar Forward Model: Ambiguity
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Full Forward Model Including External Noise

(V* (tag) V (1)) = / drdr A(r, ) We o (7, 7) + Ry (0 — £1)

Measured elements of the LPA are determined by
@ Physics of the ionosphere (unknown)
@ Engineering details of radar experiment (known)
@ ACF of external noise (estimate from long ranges)

Goal of fitting is to go backwards from measurements to parameters
determining the physics of the ionosphere.

R. H. Varney (UCLA) Radar Statistics July, 2023



Fitting as an lterative process

Goal: Obtain ionospheric parameters from radar measurements.

Radar Experiment mm Lag Estimates Start:
‘ (measurements) Initial Guess
Measured Noise l Update

Engineering details
_ e, Te, Ti, Vv
of radar experiment i _

3 1

Full Forward Model Including External Noise (Model lags)

(V* (tsl) V(tsz)) = /derA (rvT)Wtsl,tsz (7‘, r) + Ry (tsg — tsl)




Measurement Uncertainty

Inverse problem:

@ What if we have a forward model, f, and measurements, v¥ How do
we get the ohservables, p?

We can try £~ ll[}'] = p, but what if measurements are noisy:

] Meanred Daly
L

L0

Perhaps a better forward model is y = f(p,2) = g(p) + ¢, but how do we
invert this?

11
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Least-Squares Estimation

For M data points, vy, with independent measurement errors, @y,
compute the "chi-sguare”; an error weighted difference between the data
and the model, fy:

M 2
.}.EI{F'}' - Z [.1'"!'-'1 —EEI:'I{P:I]

the model parameters that provide the “best fit” of the model to the data,

r
fs, are those that minimizes y2(p): F:rg,m'm{ Mo [P"‘:;-[F'Jl }
p r1

In general, measurements ¥, may not be independent. The generalized
least-squares estimate Is:

(p) = [y — F(p)]" Tty — F(p)]

where L. is the covariance matrix of measurements v.
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Least-Squares Estimation

Important terminclogy and concepts:
= %ﬂ are known as the “normalized errars” . The numerator is
called the “residual”.
@ assumed that each "normalized errar” i1s Gaussian distnbuted with
zero mean and unit variance: A(0, 1)

a the chi-squared, v*, is the sum of the square of N{0,1) random
variables, so by definition, ¥ is a chi-squared distributed random
variable, with M — N degrees of freedom.
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Example: Fitting a Linear Model to Data

Given a Model: Calculate '{E{m: i)
y=mx+b
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Notebook: data_analysis_and_fitting/02_modeling_and_data_fitting/Fitting Linear Data Example.ipynb



Example: Fitting a Non-Linear Model to Data

Given a Model:
Calculate 'r;E{iF]:
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Least-Squares Estimation

For some simple models (linear, quadratic, etc):

@ analytic solutions exist for the minimum *

In general, non-linear least squares algorithms are required:

@ Levenberg-Marguardt (LM) algorithm is most commonly used

@ LM reguires a good initial guess

@ Standard LM packages:

a FORTRAN: MINPACK lmdif.f and Imder.f
Python: scipy.optimize leastsq [wrapper around Imdif and Imdear)

d
a Matlab: Optimization Toolbax |sqnonlin
a IDL: LMFIT
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Next Topics

* Errors
e Goodness of Fit



Chi-Squared

We can use least-squares to solve inverse problems:

(p) =y - F(p)]" Tt [y — F(p)]

where p; 5 are the "best-fit" model parameters, those that minimizes y2(p)
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Error Propagation (e.g. Linear Least-5quares)

For a linear forward model:
y=f(p}+e  f(p)=Hp
The Least-Squares solution is:
Bus = [HTESIH] HTE Yy
Given that jointly Gaussian random wariables have the following property:
Y =AX = Iy=AFA’

it can be shown that: i 1
Yo, = HTE:]H
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Error Propagation (e.g. Nonlinear Least Squares)

For a non-linear forward model, guess a pi, lineanze, and step towards

minimum:
ar
y = f(p)+e Flpi + &p) = fpi) + JiAp Ji = Bn;
i
J 15 known as the Jacobian: Mon-linear fitting process:
iy T S | @ iterate until pi+1 = prs: that which
';Jﬁ? ii;,’:.' N H’:;;',I ' minimizes -
] = ”'_"" H’_"— | pr' ' @ The covariance of prg is:
'5”1; ! ':-'“".'.; 1 '5-""1; ! re—1.]"1
o T LT EE‘I_-: == ’J El.' _I]
Jis M = N (tall and skinny) Mote the similanty to the linear casel
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Error Propagation

The covanance of the fitted parameters is the covariance of the input data
propagated through the least-squares operation:

Ty = [1TE.1]

"Error bars” for fitted parameters:

@ Assumption: measurement errors are Gaussian distributed with
covariance . denoted A(0.1,)

@ The "errors’ in the fitted parameters are related to confidence
intervals

@ Confidence intervals are constructed from L, .

@ Y . may look reasonable, even if the fit is meaningless
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Constructing Confidence Intervals: From Fitted Covariance

Error bars, 4p,,, for a fitted parameter can be constructed from the
covariance L . and a Ay

dpm = £ -.,_."'I."J..‘I{E 1_.'"I£.-.-|_.-.-.

The value of Ay® selects the "significance level”:
a Ay? is found in lookup tables calculated from the CDF of the <
distribution

@ Single parameter fit, N = 1:

e a 68% significance: Ay® =1

e & 95.4% significance: Ay® =
@ [Two parameter fit, N = 2:

o a 63% significance: Ay?® =23
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Challenges With Constructing Confidence Intervals
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Validity of Confidence Intervals

Only quantitatively valid when:
@ measurement errors are Gaussian, and

e the model Flp) is linear in for all p, or
@ measurement errors are small enough that f{p) can be accurate
appraximated by a linear model in the region arsund p

Otherwise, alternative fitting methods are required: Monte Carlo,
Bavesian, etc.
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Goodness of Fit

How do we know if the fit 15 even meaningful? The standard goodness of
fit test inwohees computing the "reduced chi-squared”:

TE — xil.l'[m —n+1)

Then, typically:
@ v = 1: a good fit
a 2 << 1: an “over fit"

@ v == 1: a poor fit

The _'_['E. could also be slightly larger or smaller than 1 depending on how
accurately one is able to estimate the input measurement errors.
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Summary

Mow we can answer the guestion: Are the fitted parameters meaningful?

@ What is the uncertainty in the fitted parameters?

@ Error bars correspond to confidence intervals [Cl)

w Cls are constructed from covariance of the fitted parameters
w For a 68% Cl, interpretation is: “1f we could hypothetically make and

infinite set of new measurements and fit each of those, 68% of the
tirme the "true’ value of the parameter would lie within the C."
@ |s the fit good?

a Compute the reduced chi-sguared
a y2 == 1 usually means the model accurately represents the data

@ All of this error analysis depends on the assumption that
measurement errors are Gaussian distributed with covanance ¥, such

that (ym — fm)/om are N(0,1)
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IS Radar Data Levels

Summary of 1S Radar data products:

Leval 0 —— Lewvel 1 - Level 2 —— Lewval 3
Voltages 4= Lag Froduct Array - Gradients
= Gated ALF = M, Te, Fiow — 1 Wweels
Inverted ACF 4{ ‘ L. E-region Winds
* Full Profile - Ep, @
= Pulse-to-Pulse Spactra — N, ,o0,w = 3D vectors

“ Fower Estimates we Nolr

= Moise Posesr —

= Cal Fower E—
~ PLFFTS
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Calibration

* Introduction to radar data calibration
e Review methods for calibration



The System Constant

@ Radar equation for 1S Radar:

Pr — PrTFH!_'.-: HE .
R (LN, ) (1+ K, + T./T)
okm T, 4
ADe = \,'#Fl?ﬂu': e e R = Range 7p = Pulse Length (s)

@ Ky the "System Constant” involves antenna gain, effective area,
atc. For PFISR K., ~ 107" ms~ !

@ Can determine Kz by comparing estimated Ny to absolute N,
measurements, e.g.:

@ Plasma line data

@ lonosonde fFz
w Faraday rotation (e.g. Jicamarca)

@ Lags estimates need to be calibrated too!




Plasma Line Spectra: Millstone Hill (60 sec integration)
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Enhanced Plasma Lines
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Plasma Line peak at PFISR July 2025

64016 (14.04,90.00) - 291.65 km, ISR factor=1.00

Secs from 07/09/25 18:00:53
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Plasma Line peak at PFISR July 2025

64016 (14.04,90.00) - 291.65 km, ISR factor=1.00
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Keys X 1.0e-19

Plasma Line peak at PFISR July 2025

Long Pulse Derived Ksys: a=0.738, b=7.050, c=-0.147

Alternating Code Derived Ksys: a=0.722, b=4.652, c=-0.096
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Tx Pulse Chirp: Klystron Example

9 Electrons slow down slightly as they
travel through the main cavity of

the klystron (TX amplifier)
@ This causes a frequency offset of

=0.1 ppm that will systematically
bias ionospheric velocities.

@ Sample Tx pulse, compute ACF, fit
phase slope

A, 5 Relvr (SRI)



Tx Pulse Chirp: Klystron Example

Milistone Hill 2020.02-27T13:00:24 UTC
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Summary

Radar data is obtained using real hardware and requires calibration:

@ Calibration of recerved power into absolute electron density using:

¥ Plasma line data
w lonosonde data

a ..

@ There may be other quirks of the hardware that need to be accounted
far.

Important Distinction for Data Analysis:

@ "Calibrated” : Indicates that the electron density is calibrated in
absolute umnits.

@ "Uncorrected”: Electron density obtained without the (1 + T.:,.'rTJ}_]
factor.
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