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Intro Fourier Steering Limits Types Summaries

Superposition Principle

Maxwell’s Equations are Linear:

J1 =
1

µ0
∇× (B1)− ǫ0

∂

∂t
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0 = ∇× (E1) +
∂

∂t
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∇× (B2)− ǫ0
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0 = ∇× (E1 + E2) +
∂

∂t
(B1 + B2)
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Phasor Notation

Narrowband assumption

E (r, t) = ℜ
{
E (r) e jωt

}

Electrical engineering sign convection:
Plane wave propagating in direction k

E (r, t) ∝ ℜ
{

e−jk·r+jωt
}
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Superposition Applied to Antenna Arrays

z

rn

θ

r r− rn

Fields radiated by single element at the origin with applied current I0:

E = E0I0
e−jk|r|

|r|

Fields radiated by entire array:

E = E0

N−1∑

n=0

In
e−jk|r−rn|

|r− rn|
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Far Field Approximation (Fraunhofer Zone)

z

rn

θ|rn| cos θ

r r− rn

If r and r− rn are almost parallel lines:

r− rn ≈ r− |rn| cos θr̂

Assume |rn| ≪ |r|:

|r − rn| ≈ |r| for demoninator terms

−jk |r − rn| ≈ −jk |r|+ jk |rn| cos θ

E ≈ E0
e−jk|r|

|r|
︸ ︷︷ ︸

Element Factor

N−1∑

n=0

Ine
jk|rn| cos θ

︸ ︷︷ ︸

Array Factor

R. H. Varney (UCLA) Phased Arrays July 2026 5 / 53



Intro Fourier Steering Limits Types Summaries

Distance to Far Field: Fresnel Numbers

−3λ
4−5λ

4−7λ
4 −λ

4 +λ
4 +3λ

4 +5λ
4 +7λ

4

Fresnel Number:

L2

rλ
≪ 1 → Far Field

L2

rλ
> 1 → Near Field

L = Array length

λ = wavelength

AMISR: L = 32 m λ = 0.67 m L2/λ = 1.5 km

Arecibo: L = 305 m λ = 0.70 m L2/λ = 133 km
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1-D Linear Phased Array
x

r2r1r0 r3 r4 r5 r6 r7

|rn| = nd In = e jnα

Array Factor:

F =

N−1∑

n=0

e jnαe jknd cos θ

=
1− e jNα+jNkd cos θ

1− e jα+jkd cos θ

= e j
(N−1)

2
(kd cos θ+α) sin

[
N
2 (kd cos θ + α)

]

sin
[
1
2 (kd cos θ + α)

]

|F |2 =
sin2

[
N
2 (kd cos θ + α)

]

sin2
[
1
2 (kd cos θ + α)

]

R. H. Varney (UCLA) Phased Arrays July 2026 7 / 53



Intro Fourier Steering Limits Types Summaries

1-D Linear Phased Array Cont.

|F |2 =
sin2

[
N
2 (kd cos θ + α)

]

sin2
[
1
2 (kd cos θ + α)

]

Peak appears when kd cos θ = −α → α = −kd cos θ0
Additional peaks could appear when kd cos θ = −α+2πm (Grating Lobes)
Visible Region: 0 < θ < π → −kd < kd cos θ < kd
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Multi-Dimensional Arrays

z

rn

r̂ · rn

r r− rn

−jk |r− rn| ≈ −jk |r|+ jk (r̂ · rn)

E ≈ E0
e−jk|r|

|r|
︸ ︷︷ ︸

Element Factor

N−1∑

n=0

Ine
jk(r̂ ·rn)

︸ ︷︷ ︸

Array Factor

In spherical coordinates:

r̂ · rn = xn cosφ sin θ + yn sinφ sin θ + zn cos θ
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2-D Rectangular Array

rnm = ndx x̂+mdy ŷ Inm = e j(nα+mβ)

Array Factor:

|F (θ, φ)|2 =

∣
∣
∣
∣
∣
∣

Nx−1∑

n=0

Ny−1
∑

m=0

e j(nkdx cos φ sin θ+nα+mkdy sinφ sin θ+mβ)

∣
∣
∣
∣
∣
∣

2

=
sin2

[
Nx

2 (kdx cosφ sin θ + α)
]

sin2
[
1
2 (kdx cosφ sin θ + α)

]

sin2
[
Ny

2 (kdy sinφ sin θ + β)
]

sin2
[
1
2 (kdy sinφ sin θ + β)

]
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2-D Rectangular Array
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Ground Planes: Method of Images

Antenna above conducting ground plane

h

h

-80°

-60°

-40°

-20°
0°

20°

40°

60°

80°

0.00.51.01.52.02.53.03.54.0

F = I0e
jkh cos θ − I0e

−jkh cos θ

= 2jI0 sin (kh cos θ)

|F |2 = 4 |I0|
2 sin2 (kh cos θ)

When h = λ
4 → kh = π

2

|F |2 = 4 |I0|
2 sin2

(π

2
cos θ

)

Peaks at θ = 0 (upwards).
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Hexagonal Spacing

Hexagon Honeycomb Rectangular Array
One AMISR panel:
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Sidelobe Patterns for Squares vs Hexagons
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A “Circular” Array: MU Radar
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Fourier Analogy

Array factor looks like a Discrete-Space Fourier Transform

F (θ) =

N−1∑

n=0

Ine
jnkd cos θ

F (γ) =

N−1∑

n=0

Ine
jnγ γ ≡ kd cos (θ)

Inverse Transformation

In =
1

2π

∫ π

−π

F (γ) e−jnγdγ

Designing In to approximate a desired F (γ) is similar to designing FIR
filters.
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Wide in Space ↔ Narrow Beamwidth
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θ
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1
N=32
N=16
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N=4
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Shift Theorem

F (γ) → F (γ − γ0) ⇔ In → e jnγ0 In

-4π -2π 0π 2π 4π
kdcosθ

0

64 In

-4π -2π 0π 2π 4π
kdcosθ

0

64 ejnπ/√2 In
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Array Tapers and Windowing

In → wnIn ⇔ F (γ) → W (γ) ∗ F (γ)

0 1 2 3 4 5 6 7
n

0

1

2

I n

Uniform vs Tapered Array
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θ

0

1
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Arrays with Missing Elements

0 1 2 3 4 5 6 7
n

0

1

2

I n

Array with a Hole

0 30 60 90 120 150 180
θ

0

1

Missing elements reduces power in main beam and raises sidelobes
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Ideal AMISR Radiation Pattern
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AMISR Graceful Degradation
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Visible Region

|F |2 =
sin2

[
N
2 (kd cos θ + α)

]

sin2
[
1
2 (kd cos θ + α)

]

Peak appears when kd cos θ = −α → α = −kd cos θ0
Additional peaks could appear when kd cos θ = −α+2πm (Grating Lobes)
Visible Region: 0 < θ < π → −kd < kd cos θ < kd
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Grating Lobes

d < λ/2 → kd < π: No grating lobes will ever appear
λ/2 < kd < λ → π < kd < 2π: Grating lobes will only appear at
some steering angles
d > λ → kd > 2π: Grating lobes will always appear

Example of linear array with d = 3λ/4 spacing

Maximum steering angle (for a linear array):
∆θmax =

∣
∣sin−1

(
1− 2π

kd

)∣
∣
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Issues Affecting Antenna Spacing

Mutual Coupling Between Antennas
The true element factor for antennas in an array is different from the
same type of antennas in isolation

Scattering off of neighboring antennas

Inductive coupling involving antenna near-fields

Impedance of an antenna in an array is different from the impedance of
that antenna in isolation

Cost

Antenna gain is determined by the area of the array
Larger distance between antennas → fewer elements to fill a given area
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Examples Steering 2-D Arrays (d = 3λ/4)
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Examples Steering 2-D Arrays (d = 3λ/4): Elevation Scan
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Examples Steering 2-D Arrays (d = 3λ/4): Azimuth Scan
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AMISR Antenna Properties

Hexagonal spacing
with d ≈ 3λ/4

FOV limited by
grating lobe limit
∼30◦ − 40◦

Antenna gain
decreases with
steering angle off of
boresight

Antenna works best
within ∼25◦ off of
boresight
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The PFISR Up-B Compromise

IPY Beam Pattern

The Up-B beam is close
to the grating lobe limit,
and therefore has reduced
sensitivity.

Reduced SNR in Up-B (Beam 2)
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Phasing Subarrays

What if you can only control phases
on subarrays instead of every
individual antenna?

Phase Each Antenna

Phase Subarrays

View the whole array as an array of
subarrays, and use the subarray
pattern as the “element factor.”

Jicamarca Example:

CoCo antennas spaced by λ/2

18,432 dipoles (9216 per
polarization)

96× 96 square array

Only able to control phases on
64ths of the array

8× 8 array of subarrays

Each subarray is 12× 12
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Steering Subarrays
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Subarray.mp4
Media File (video/mp4)



Intro Fourier Steering Limits Types Summaries

Passive Phased Arrays: Jicamarca

One transmitter feeds entire array
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Passive Phased Arrays: Jicamarca
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Active Electronically Steerable Phased Arrays

R. H. Varney (UCLA) Phased Arrays July 2026 35 / 53



Intro Fourier Steering Limits Types Summaries

Advanced Modular Incoherent Scatter Radar

R. H. Varney (UCLA) Phased Arrays July 2026 36 / 53



Intro Fourier Steering Limits Types Summaries

Sanya Incoherent Scatter Radar
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Sanya Tristatic System
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MU Radar
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MU Radar Cabling
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MU Radar Cabling
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MU Radar Power Amplifiers
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Electronic Steering with Delay Shifters

AMISR Delay Shifter

26 = 64 steps spaced by π/32 = 5.625◦
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Conceptual Diagram of Steering with AMISR

Beam Code

0xFA10
EEPROM

Delay Setting 001101

Delay

Shifter

Input Waveform Shifted Waveform
SSPA

To Antenna

From Antenna
LNA

Delay

Shifter

Shifted Rx Signal
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Digital Beam Forming

z

v0 v1 v2 v3 v4 v5 v6

θ

On reception:

Digitize the signals vn on every antenna (expensive!)

Synthesize any beams you want by forming different linear
combinations in software/firmware (computationally intense!)

Allows you to form custom beam patterns → look at signals of
interest while nulling interference.

Allows you to form any number of different radiation patterns → look
in multiple directions at once.

Hybrid approach:

Digitize signals from subarrays instead of individual antennas

Accept limited range of steering on reception
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Digital Beam Forming in Multi-static Radar Experiments

KAIRA = The Kilpisjärvi
Atmospheric Imaging
Receiver Array

McKay et al. (2015)
10.1109/TGRS.2014.2342252
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EISCAT 3D

Major planned facility:
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EISCAT 3D Array
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EISCAT 3D Antennas to Scale
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Introduction to Phased Array Summary

Phased arrays work due to the superposition principle

Focusing is achieved in the far field

Gain pattern is dominated by the array factor

Gain pattern typically has a main lobe and many smaller side lobes

Side lobe pattern depends on the shape of the array (rectangular vs
“circular”)
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Fourier Analogy Summary

In Fraunhofer diffraction the far field radiation pattern is a Fourier
transform of the aperature illumination

Phased array far field radiation patterns are a discrete-space Fourier
transform of element currents

Fourier analogy provides useful intuition for designing radiation
patterns by reusing concepts from signal processing

Shift theorem provides recipe for steering beams
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Phased Array Steering Summary

Limitations on phased array steering are determined by

Inter-element spacing
Pattern of elements (e.g. rectangular vs hexagonal)
Granularity of phase control (individual elements vs subarrays)

In general phased arrays lose antenna gain as they are steered further
from boresight

Practical results for ISR users

Explains 6-pointed star patterns for AMISR FOV

Explains why Jicamarca can only steer ±3◦
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Summary of Types of Phased Arrays

Transmitter architecture

Passive: One high power transmitter feeds whole array
Active: Small transmitters for each element distributed throughout the
array

Phasing architecture

Manual changing of cables
Electronic steering with delay shifters
Digital beam forming
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