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Lattice QCD

• Numerical solution
• Finite periodic Euclidean spacetime
• Consider continuum limit
•  Maiani-Testa theorem (1990)
• Lüscher (1991) :

a → 0
L

Movie by
José Rodríguez

EL,m → δ(q∗)



Community effort!
Analytical Numerics

Inversion algorithms, code 
development, production,...

Actions, observables, 
systematics,...



TABLE XV: Summary of the extracted ground state binding energies of the nuclei and hypernuclei
studied in this work.

State A s I Jπ SU(3) irrep Binding Energy (MeV) ∼ B/A (MeV)

d 2 0 0 1+ 10 25(3)(2) 13

nn 2 0 1 0+ 27 19(3)(1) 10

nΣ 2 -1 3
2 1+ 10 3(3)(1) 2

H 2 -2 0 0+ 1 71(3)(1) 36

nΞ 2 -2 0 1+ 8A 36(3)(1) 18
3He, 3H 3 0 1

2
1
2
+

35 71(6)(5) 24
3
ΛH(hypertriton) 3 -1 0 1

2
+

35 71(6)(5) 24
3
ΛH(hypertriton) 3 -1 0 3

2
+

10 100(10)(10) 33
3
ΛHe,

3
ΛH̃, nnΛ 3 -1 1 1

2
+

27 70(10)(8) 23
3
ΣHe 3 -1 1 3

2
+

27 59(10)(5) 20
4He 4 0 0 0+ 28 110(20)(15) 28

4
ΛHe,

4
ΛH 4 0 0 0+ 28 110(20)(15) 28

4
ΛΛHe,

4
ΛΛH, nnΛΛ 4 0 0 0+ 27 160(20)(10) 40

FIG. 19: A compilation of the nuclear energy levels, with spin and parity Jπ, determined in this
work.

In contrast to QCD with the light-quark masses at their physical values, at the SU(3)
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Abstract
The binding energies of a range of nuclei and hypernuclei with atomic number A ≤ 4 and
strangeness |s| ≤ 2, including the deuteron, di-neutron, H-dibaryon, 3He, 3ΛHe, 4ΛHe, and

4
ΛΛHe, are

calculated in the limit of flavor-SU(3) symmetry at the physical strange quark mass with quantum
chromodynamics (without electromagnetic interactions). The nuclear states are extracted from
Lattice QCD calculations performed with nf = 3 dynamical light quarks using an isotropic clover
discretization of the quark-action in three lattice volumes of spatial extent L ∼ 3.4 fm, 4.5 fm and
6.7 fm, and with a single lattice spacing b ∼ 0.145 fm.
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Status Report: Spectrum
mπ = mK ∼ 800MeV L = 3.5− 6.7 fm

high statistics NPLQCD (2012): Beane et al.



Status Report: Spectrum
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FIG. 9: Same as Fig. 3 for 1S0 channel.
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FIG. 10: m2
π dependence of ∆E∞ for 3S1 channel. Closed(open and cross) symbol denote the

2+1/3 flavor(quenched) result. The results of Refs. [2, 3] and this work are extrapolated values in

the infinite volume limit. Experimental result (star) is also presented for comparison.

21

0 4 8 12 16 20
t

-0.01

-0.005

0

0.005

0.01

0.015

1
S

0

FIG. 7: Same as Fig. 2 for 1S0 channel.

0 1e-05 2e-05 3e-05 4e-05

1/L
3

-0.024

-0.020

-0.016

-0.012

-0.008

-0.004

0.000

experiment

N
f
=2+1 m

!
=0.51GeV

N
f
=0     m

!
=0.80GeV

"E
L
(
3
S

1
) [GeV]

FIG. 8: Same as Fig. 3 for 3S1 channel.
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FIG. 3: Spatial volume dependence of ∆EL in GeV units for 4He channel. Outer bar denotes

the combined error of statistical and systematic ones added in quadrature. Inner bar is for the

statistical error. Extrapolated result in the infinite spatial volume limit is shown by filled square

symbol together with the fit line (dashed). Experimental value (star) and quenched result (open

diamond) are also presented.
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FIG. 4: Same as Fig. 2 for 3He channel.

18

2Hnn

0 1e-05 2e-05 3e-05 4e-05

1/L
3

-0.08

-0.06

-0.04

-0.02

0

experiment

N
f
=2+1 m

!
=0.51GeV

N
f
=0     m

!
=0.80GeV

"E
L
(
3
He) [GeV]  

FIG. 5: Same as Fig. 3 for 3He channel.
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FIG. 6: Same as Fig. 2 for 3S1 channel.
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L = 2.9− 5.8 fmmπ ∼ 510MeV

Yamazaki et al. (2012)



Status Report: 
A glimpse into the future

Nuclei (A=4,...)
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Quark-quark determinant contraction method

Nuclei (A=4,...)
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Quark-quark determinant contraction method

28Si(SP)

low statistics ~ 250 configurations Detmold and Orginos (2012)

84 quarks!

16O(SP)
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Wick contractions:        naive scaling ~ nu!nd!ns!      
                                         improved scaling ~ (nundns)3

C(t) = Z0e
−tE0 + · · ·



Bound to unbound?
Density of states

p ! p ! n ! n d ! p ! n nn ! p ! p nn ! pp d ! d 3He ! n4He !0 !""150

"100

"50

0

50

#
E
!MeV

"
L$12 fm , #p#$0
L$48 , #p#$0
L$32 , #p#$0
L$24 , #p#$0

• One specific issue that is a bit frightening at the moment is the density of scattering 
states in multi-hadron systems

• States far below thresholds are presumably OK, but how do we learn about d–d 
scattering?

• Back to Maiani-Testa No-go Theorem
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Abstract
The binding energies of a range of nuclei and hypernuclei with atomic number A ≤ 4 and
strangeness |s| ≤ 2, including the deuteron, di-neutron, H-dibaryon, 3He, 3ΛHe, 4ΛHe, and

4
ΛΛHe, are

calculated in the limit of flavor-SU(3) symmetry at the physical strange quark mass with quantum
chromodynamics (without electromagnetic interactions). The nuclear states are extracted from
Lattice QCD calculations performed with nf = 3 dynamical light quarks using an isotropic clover
discretization of the quark-action in three lattice volumes of spatial extent L ∼ 3.4 fm, 4.5 fm and
6.7 fm, and with a single lattice spacing b ∼ 0.145 fm.
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NPLQCD (2012): Beane et al.

Expected spectrum for the                      sector. Jπ = 0+ 4He

Neglecting 
interactions

If we did obtain this spectrum, what would it mean?



Optimistic yet Cautious!

Questions/Issues:
• Proof?
• Validity of Lüscher?
• Compact two-particle states?  [Guo, Dudek, Edwards, Szczepaniak (2012)]

• FV effects from off-shell states?
• Partial wave mixing? [Kreuzer, Hammer, Greißhammer (2009-2012)]

• Model independent break-up/recombination?

Numerical Observation:
• Below break-up:  3-Body      Lüscher  [Bour, Hammer, Lee, Meißner (2012)]

V

+ +



Coupled Channels: 2-Body

K0

K̄0
π0

π0

π0

π0

π0

π0



f0(980), a0(980) : {ππ, 4π, 6π,KK̄, . . .}

= Exp.

KK̄

*Rummukainen and Gottlieb (1995) / Kim, Sachrajda, and Sharpe (2005)

• Two-channels: 2 phases + 1 mixing angle
• Boosted systems*

Coupled Channels: 2-Body



= )( V

V0

0

)( )()( +)(

ππ −KK̄
[mπ ∼ 310MeV,mK ∼ 530MeV]

• Bellow 4 pion threshold
• Spectrum from poles of:

s-channel 2PIFV Scattering  
Amplitude

relativistic two 
particle propagator

IV Scattering  Amplitude Kinematic function (L, E*,m)

• Quantization condition (RB & Zohreh Davoudi arXiv:1204.1110):

• Derived independently by Max Hansen and Steve Sharpe (2012)

det
(
M−1 + δGV

)
= 0 Holds for arbitrary 

numbers of channels



Center of Mass Spectrum

ππ −KK̄
[mπ ∼ 310MeV,mK ∼ 530MeV]

E
∗ n
[M

eV
]

L [m−1
π ]

KK̄

d=[0,0,0]
d=[1,0,0]

On going work [in collaboration 
Daniel Bolton & Keith Roberton 

(Baylor U), Zohreh Davoudi (UW)]



NN Weak Matrix Elements
• Axial vector current:                                              

• 2-Body ~ dominant uncertainty in deuteron break-up

• Detmold & Savage (2004): background field

•                     coupled channels 

• 5-point correlation functions 

reaction in FV

(
∣∣M∞

1S0−3S1

∣∣− gAW3
δJV

0 ei2φ
(
δIV0

)2

)2

=

(
2πV

q∗20

)2 (
φ′ + δ′3S1

) (
φ′ + δ′1S0

)
|MV

1S0−3S1
|2

n
p

p p
νe

e+

1S0 − 3S1

Aµ=3 =
1

2

(
ūγ3γ5u− d̄γ3γ5d

)

Kinematic function (L, E*)

FV Weak Matrix ElementIV Weak Matrix Element
Summary plot by H-W Lin (2011)

(
∣∣M∞

1S0−3S1

∣∣− gAW3
δJV

0 ei2φ
(
δIV0

)2

)2

=

(
2πV

q∗20

)2 (
φ′ + δ′3S1

) (
φ′ + δ′1S0

)
|MV

1S0−3S1
|2

Future LQCD work

Lattice QCD for Precision Nucleon Matrix Elements 6
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Figure 3. (left) Summary of the lattice Nf = 2 + 1 results on gA as functions of
m2

π [2, 3, 4, 5, 6]. (right) The world average of gA using Nf = 2 and 2 + 1 dynamical
lattices results [3, 7, 8, 4, 5, 9, 10, 11].

calculations. Most of the results here only display statistical errors, but nonetheless, we

can see that the various versions of the Dirac operator generate similar results for this

quantity. Taking an average over all the dynamical results extrapolated to the physical

pion mass, we obtain an LQCD gA of 1.16(3) with about 3% error, as shown in the

right-hand side of Fig. 3.

2.2. Proton Spin

Another fundamental question is how the proton’s spin 1/2 is distributed among its

constituents. The most naive intuition is that the three quarks carry the spin. Their

contributions can come from their intrinsic spin and orbital angular momentum. We use

the set of covariant operators suggested by Ji [12] and calculate. Again, we show results

as a function of light-quark mass (pion mass). Figure 4 shows a selection of example

results calculated by different collaborations (Nf = 2 QCDSF [13] and Nf = 2 + 1

LHPC [4]) who use different Dirac operator interpretations (clover and domain-wall

fermions on staggered sea, respectively). These results are renormalized in the MS

scheme at a scale of 2 GeV. The extracted values are the stars on the left. As it turns

out, the quarks contribute less than 50% of the total nucleon spin; the majority of it

comes from gluons, which is quite a surprise. However, both of the calculations have

ignored the “disconnected” diagram; that is, the inserted operator constructed such that

its quarks only connect with the valence nucleon quarks through gluons. Calculating

such contributions requires more computational resources to get clean signal, but they

could contribute up to 20–30% of the total quark contributions [14]. A few groups have

made remarkable progress on this type of contribution [15, 16, 17, 18], as well as on

direct gluon contributions to the spin [19].

Green et al. (2012) [extrapolated with 
lightest mπ=149(1) MeV, and mπL ~ 4]
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Unto the 3-Body Problem



Unto the 3-Body Problem
• Scalar sector
• Dimer formalism: 3 = 2+1 [ Kaplan (1997) ]

Jd

JdB

Jd = 0

• Simplification comes at a cost:

DV

3

The full three-particle correlator is then recovered by performing the geometric series depicted in Fig. (3), where
the sum is over all possible insertions of the effective three-body Bethe-Salpeter kernel, K′

3, which is composed of
boson-exchanged diagrams with insertions of the two-particle kernel, K2, and insertions of the three-particle kernel,
K3 (as depicted in Fig. (2)). In section ?? we will first evaluate this loop and show that it can be represented as a
tensor product. In section ??, we evaluate the full three-particle correlation function and obtain the spectrum from
its poles. In section ??, we outline how the lattice practitioner could best obtain infinite volume S3-matrix elements
directly from the three-particle spectrum.

FIG. 1: The figure depicts the equation satisfied by the full dimer propagator. The grey band is the full propagator
while the double lines represent the bare propagator.

II. FORMALISM & TWO-BODY SECTOR

In this section we present the formalism used to study the three particle system in a finite volume, and we review the
result by Luscher for the two-particle system in an S-wave. The diagrammatic representation of few-body scattering
amplitudes is greatly simplified when using an auxiliary S-wave “dimer” field [16, 17]. This simplification is done at
a cost of truncating the precision of the effective range expansion of the two-body sector at next to leading order.
Nevertheless, this technique has proven to be advantageous for studying three-body physics in both infinite [18–25] and
finite volumes [9–12]. It is important to mention that when using the dimer formalism in a FV one introduces another
systematic source. This systematic arises from the fact that the dimer field is an auxiliary S-wave field, therefore the
spectrum obtained by looking at the poles of the dimer propagator correspond to two bosons in an S-wave. In a finite
cubic volume, it is well known that spherical symmetry is not a symmetry of the Hamiltonian; instead the Hamiltonian
has cubic symmetry. As a result, the eigenstates of Hamiltonian can be identified by the irreducible representations
of the Cubic group. For example, the ground-state of two bosons in a FV is an eigenstate of the A1 irreducible
representation of the cubic group, which in the CM reference frame has overlap with J = {0, 4, 6, 8, . . .} [5, 6]. For two
identical particles moving with a non-zero total momentum, the symmetry is further reduced and the ground state
has overlap with J = {0, 2, 4, 6, 8, . . .} [26–28]. Although, this mixing between higher angular momentum is explicitly
manifested by the pole structure of the two-particle propagator [5, 6, 26–28]; it is not yet clear how this mixing is
recovered using the dimer formalism. Understanding this as a source of systematic of the calculation presented, we
proceed to use this dimer formalism to study the three-body system.

The interaction of a non-relativistic system composed of three identical bosons can be described using the following
Lagrangian

L = φ†
(
i∂0 +

∇2

2m

)
φ− d†

(
i∂0 +

∇2

4m
−∆

)
d† − g2

2

(
dφ2 + h.c.

)
− g3 dd†φφ† (1)

where φ labels the boson field with mass m, d corresponds to the dimer field with bare mass ∆, g2 parametrizes
the mixing between the dimer and two bosons in an S-wave, and g3 is the LO three-body interaction vertex. The
two-body coupling, g2, can be determined by requiring the full boson-boson scattering amplitude to have the standard
non-relativistic form. Since, the boson-boson interactions are mediated by dimer field, this condition is equivalent to
requiring the full dimer propagator to have the same pole structure as the scattering amplitude. By summing over
all intermediate boson-boson bubbles, or equivalently solving the algebraic equation depicted in Fig. (1), one finds

iD∞(E,P ) =
−i

P∗2

m −∆− g22I
∞(P ∗2 + iε)/2 + iε

≡ −imr/2

P ∗ cot δ − iP ∗ + iε
, (2)

where P ∗ =
√

Em− P 2/4 is the CM momentum, E is the energy of the total two-particle system and P is the total
momentum, and by requiring the pole structure to match that of the scattering amplitude we have found

g22 =
16π

rm2
, ∆ =

(
1

a
− µ

)
2

rm
, (3)

2-body contact 
interactions

= + V

• 



Infinite vs. Finite 
Volume Spectrum

cutbound 
state

E∞

(D∞)−1 = 0

B∞

∼ 1

mL2

poles

EL

( )−1 = 0DV

BL

{∼ 1

mL2



Infinite vs. Finite 
Volume Spectrum

DV →( )....
FV spectrum is ALWAYS discretized
No cuts/integrals
Only poles/sums

EL

( )−1 = 0DV

“Lüscher poles”

}



A′
3 A′

3A′
3A3+A3 A′

3A3 A′
3 = +K3

Some Technicalities

• Two loop diagrams:

Cut in IV Poles in FV

Poles canceled by 
zeros of dimer

• Only dimer poles contribute!

• Loops decouple!

2-body interaction3-body interaction

Kernel
• Spectrum from poles of correlation function

3-particle creation
amplitude 

CV
3 ≡ A3 A′

3 A3+ A′
3 A3+ A′

3 + · · ·K3 K3 K3CV
3 ≡ A3 A′

3 A3+ A′
3 A3+ A′

3 + · · ·K3 K3 K3V V V V VV

V V V V V V



Some Technicalities

K3K3= + MV
VMV

V V

V

K3K3= +

V

∞M∞
V M∞

V

K3K3= +M∞
∞ M∞

∞∞
∞

Poles determine spectrum 
in finite volume

Finite volume 
“scattering amplitude”

Infinite volume 
scattering amplitude

Finite volume dimer

Continuous boson-
dimer relative momenta 

“Scattering amplitude” 
between boson and 
finite volume dimer



Three-Body Result

“Scattering amplitude” between 
boson and finite volume dimer Kinematic function of (L, EL)

Mixes angular momentumDiagonal in angular momentum

Diagonal in the three particle 
states

Mixed the three particle states 
(coupled-channels)

det
(
M∞

V
−1 + δGV

)
= 0

{ · · ·}Three-particle states:

diboson

boson

triboson

Disagreement with 
Guo et al. (2012)



Recovering Lüscher
(Negative energies, deeply bound diboson)

• Below break-up:

• CM momentum:

Consistent with Bour  et al. (2012)

• Quantization condition:

MdB =
3π

m

1

q∗dB cot δdB − iq∗dB

q∗dB cot δdB =
1

πL
SP

(
(q∗dBL/2π)

2
)

q∗dB

γdB + q∗dB cot δdB |q∗2dB=−γ2
dB

= O(e−γdBL)• Bound states:

~ Boosted Zeta 
function for two 

particles with m2=2m1

SP
(
p̃2
)
=

Λn∑

n

1

(n− LP/6π)2 − p̃2
− 4πΛn

diboson binding 
energy in the 
moving frame

q∗2dB ≡ 4m

3

(
E∗ +

γ∗2
d

m

)



Exponential Corrections

• Excited state: q∗2E∗,1 ≡ 4

3
(E∗m− q∗21 ) < 0

off-shell

 Corrections Included in
 quantization condition∼ e−2L

√
(q∗21 −E∗m)/3

V

• Finite volume dimer:

Obtained from 3-
particle spectrum

Extrapolate to 
infinite volume!

Dimer is NOT compact
[Guo et al. (2012)]

• For positive energies: FV effects are power-law

δLdB = δ∞dB +O(e−γ∗
dL)



Boosts

Jd

JdB

• diboson is boosted: 
• dB is unboosted: 

Symmetry is reduced:

“lab” frame CM frame

Jd = {0, 2, 4, . . .}
JdB = {0, 4, 6, . . .}

Boson-diboson Boosted:
•  JdB = {0, 1, 2, . . .}

Bour et al. (2011), Davoudi & Savage (2011), Fu (2012): 
Boosted two-particle system with different masses

Boson-diboson CM:
+ + ...



Take-Home Message
• FV spectrum is ALWAYS discretized

• 3-Body quantization condition reduces to Luscher-like equation

• 

• Boson-diboson phase shift has large FV effects
V

• Requires extrapolation 
•Partial wave mixing: J = 2 (unboosted),  J = 1 (boosted)
•Three-body problem requires caution!

δLdB = δ∞dB +O(e−γ∗
dL)

{E∗
L, ad, rd} → {q∗dB , q∗d, δLdB}



In progress...

Above threshold!

Nuclear sector

Partial wave mixing due to boost

Cubic dimer propagator 
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